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I- Functions and Complex numbers (4 points)
In the table below, only one among the proposed answers to each question is correct.
Write the number of each question and give, with justification, the answer that corresponds to it.

) Proposed answers
N° Questions P

a b c

The domain of definition of the function f

+ — + +
1 given by f(X) - In(ex_ e3) iS ]3 ’ OO[ ] 0, 3[U]3 ' OO[ ]0 ' 3[U]3 ' OO[
. Inx _
2 | et +oo 0 L
3 2
3 | If xis a non-zero real number, then |1+_IX = 1 X+l x+1
X+1 Xx—-1 x2 —1
The set of solutions of the inequality
4 e—2X —1<0is ]0 ’ +OO[ ]—OO ' +OO[ ]—OO ) 0[
The number of solutions of the equation
5 0 1 2

eln x+1) = ln(ex2+ X) is

I1- Probability (4 points)
U and V are two urns.
e U contains 4 red balls and 2 black balls.
e 'V contains 3 red balls and 2 black balls.
Part A
A player rolls a fair 6-sided die numbered 1, 2, 3, 4, 5 and 6.
e If the die shows 5, the player selects randomly and simultaneously 3 balls from U.
e Otherwise, the player selects randomly and successively with replacement 3 balls from V.
Consider the following events:
A: “The die shows 5”
R: “ The three selected balls are red”
M: “The three selected balls have the same color”.

1) a) Calculate the probability P(R / A) and deduce that P(RN A) = :

L.
b) Verify that P(R / &) = — and calculate P(R).

2) a) Calculate P(M/A) and P(M / A).
b) Deduce that P(M) = 14—5

3) Knowing that the three selected balls are of the same color, calculate the probability that the die does
not show 5.
Part B
In this part, we select randomly 1 ball from U and 2 balls successively without replacement from V.
Calculate the probability of selecting exactly one red ball among the three selected balls.
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I11- Complex numbers (4 points)
The complex plane is referred to a direct orthonormal system (O ; U, V).

Consider the points A, M and M" with affixes zy, = —i, zyy = zand zyy = z' such that z' = # with z # .

1) Determine the exponential form of z’ whenz =1 —1i.
2) a) Show that z'(z + i) = —i.

b) Show that OM" x AM = 1 and that (i ; AM) — (&; OM’) = —= [2n].

¢) Show that: if M moves on the circle with center A and radius 2, then M' moves on a circle to be
determined.

d) Show that: if M' moves on the y-axis deprived of O, then M moves on a line to be determined.

3) Letz=x+iyandz' =x"+iy where x,y, X" and y" are real numbers.
;o -y—1 r X

a) Show that x’ = R G117 and y' = Tl P .

b) Show that: if M moves on the line with equation y = — x — 1 deprived of A, then M' moves on a
line whose equation is to be determined.

IV- Transformations (4 points)
In the adjacent figure, we have:
e ABCD and EBFC are two direct squares of centers E and G respectively.
e His the midpoint of [AD].
Let S be the direct plane similitude with center | that transforms C onto B and D onto G.

a= —g is an angle of S and k is its ratio. D C
Part A
1) Verify that k = % -
2) Show that S(A) = E. H E G F
3) a) Show that the image of (CF) by S is (BF) and determine the
image of (AD) by S.

b) The two lines (AD) and (CF) intersect at point L. A B
Show that S(L) = F.
c) Deduce that ILF is a right triangle.
4) Let Q be the midpoint of [AB].
a) Show that S(B) = Q.
b) Show that the three points I, Q and C are collinear.
Part B

The plane is referred to a direct orthonormal system (A ; AB, AD).
. 11,
1) Show that the complex form of Sisz' = — %IZ tor
2) Determine the algebraic form of the affix of the center | of S.
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V- Functions (4 points)

Consider the function f defined over R as f(x) = and denote by (C) its representative curve in an

1-xe X
orthonormal system (O ; 1, J).
1) Determine lim f(x) and liErn f(x). Deduce the two asymptotes to (C).
X—>+ 00

’ 2e7%(1 - x)
(1 —xe™¥)2 .
b) Deduce that f '(x) and (1 — x) have the same sign.
c) Set up the table of variations of f.
3) (C) has a point of inflection W(0, 2).
Find an equation of (T), the tangent to (C) at the point W.
4) Draw (T) and (C).
5) Let h be the function given by h(x) = In[(f(x) — 2)?].
a) Determine the domain of definition of h.
b) Study the sense of variation of h on ]- oo, O].

2) a) Show that f'(x) =

VI- Functions (4 points)
Consider the function f defined on ]0 ; +oo[ as f(x) = x + Inx — In(x + 1) and denote by (C) its representative
curve in an orthonormal system (O ; 1, ).
Let (d) be the line with equation y = Xx.
1) Determine lim f(x). Deduce an asymptote to (C).
x>0
2) a) Show thatxligrnmf(x) = +00,
b) Show that (d) is an asymptote to (C) at +co.
¢) Show that (C) is below (d) for all x € ]0 ; +ool.
. on 1
3) a) Verifythatf'(x)=1+ i D
b) Set up the table of variations of f.
4) a) Show that the equation f(x) = 0 has a unique solution a.
b) Verify that 0.8 < a <0.9.
¢) The equation f(x) = 2 has a unique solution 3. Show that a < 3.
5) Draw (d) and (C).

6) Consider the function g given by g(x) = In (f(g—x_)z)

Determine the domain of definition of g.
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VI1I- Numerical sequences and integrals (4 points)

The following 4 parts are independent.

1)

2)

3)

4)

Consider the sequence (V,) defined by V,, = f; e *(x — 2)"dx where nis an integer and n > 1.
Show that (V,,) is a decreasing sequence.

Calculate the integral f(x2 + x4+ 1)e ¥dx.

Uy —

Consider the convergent sequence (U,,) defined by U, =3 and U, = 3U

. where n € N.

n

Knowing that U, > 2 for all n, calculate the limit of (U,).

The figure below shows the representative curves (C) and (C'), in an orthonormal system, of a

function f and its derivative function f ' respectively.
y

Calculate the area of the region bounded by (C'), the x-axis and the two lines of equations

1
X:Eandle.
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Question | 6 pts
eX—e3>0
1 |x>3 1.5
Answer: a
1
Y Inx _ o X _ 1 1 —0
2 | Shee 1y xotm2e 11 x—}TooX(ZeZX +1) 1.5
Answer: b
|1 + ix 1+ x2
3 X +i VxZ +1 1
Answer: a
X _1<0
4 Thene ™ —-1<0 1
Then e X < 1, then —2x < 0, thenx > 0
Answer: a
elnx+1) = |p eX*+X condition x > —1
S5 |thenx + 1 =x? +x, then x? = 1, then x = —1 (rejected) or x = 1 (accepted). 1
Answer: b
Question 11 6 pts
P(R/A) =2 =§
Ala Cs 111 1
3
PR/IA)== =2
Alb ( ) 5° 123 — 1 5 27 16 1
P(R)=P(RNA)+P(RNA) =t X3
P(M/A)=PR/A) ==
A2a‘ 33423 7 1
P(M/A) = =L
25
A2b | P(M)=P(MNA +P(MnK)—1><3+1><5—i
=P( ) " 576 2576 15 1
_ 7
— P(ANM) o 7
A3 | PRI M) = =3 =
( ) P(M) 14_5 1
B P(exactlyoneredball)=%><(3><l)+3><(§><3)><2=i 1

5 4 6 5 4




Question 111 6 pts
1 [Ifz=1—ithenz =——=i=e" 0.5
1+i1-1
— —i
2a | z'(z+i)=——(z+1i) =-i 0.5
Z+1
OM"AM=|Z’|'|Z+i|=m'|2+i|=1 05
o u; KM’) — (U; OM") = arg(z + i) — arg(z") (2m)
=arg(z+1i) —arg(i) + arg (z—i) (2m)
= arg(z + i) —arg(i) —arg (z+1i) (2m)
. T 0.5
= —arg(i) (2m) =-1 (2m)
2c | AM = 2, then OM’ = % , then M’ moves on a circle of center O and radius % : 1
(OM’; AM) = (&; AM) — (W 0M") = — 2 (2m) , 50 (AM) L (OM").
2d | Thus, if M" moves on y-axis deprived from O, then M moves on a line parallel to the x-axis 1
and passing through A deprived from the point A.
1] -y- 1 _ X
3a x2+(y+1)2 and y x2+(y+1)2 1
o X 1 X 1 "=y
3b Ify=—-—x—1,thenx’ = = 2Xandy =53 —Zx,theny =x'. 1
Therefore, M' moves on the line of equation y = x deprived from the point O.
Question 1V 6 pts
1
5BC
AL =BG _2°% 1 05
CD CD 2
Method 1: ADC is a direct right isosceles triangle at D, so S(ADC) is a direct right isosceles
A2 | triangle at S(D) = G, that is triangle EGB. Also S(C) = B, hence S(A) = E. 1
Method 2 : === and (AD; EG) = —Z (2m) and S(D) = G, thus S(A) =E.
(CF) passes through C, so S(CF) passes through S(C) = B and is perpendicular to (CF), thus
A3a S(CF) = (BF). 1
(AD) passes through D, so S(AD) passes through S(D) = G and is perpendicular to (AD), thus
S(AD) = (GE).
A3b | (AD) n (CF) = {L}and (GE) n (BF) = {F}and S(I) =1, so S(L) = F. 0.5
A3c | Since S(L) = F, then (IL; IF) = —~ (2m), then the triangle ILF is right angled at I. 0.5
Ada | ABCD is a direct square, so S(B) is the 4™ vertex of the direct square BGEQ, so S(B) = Q. 0.5
b S o S is a dilation of ratio —i (because — = — = = —m) .
SoS(C) =S(S(C)) =S(B) =Q,s0l,Qand C are collinear.
B(1) and C(1+i).
B1 |z = %eTiz +b and S (C) = B, thus 1=% ez'(1+1i) +b,thenb =% + %i 05
Thus, z' = iz +s+2i
2 2 2
l+ll 3
B2 |z, =22%-==-+-i 0.5
1—71 5




Question V 6 pts
xl—i>I—noof(X) - xl—i>r—noo 1-xe™X =0
1] _ 2 _ 2 _ 1
160 = lim T—xex 1-0 °
y =0 and y = 2 are the two asymptotes
, 2e7¥(1-
2a | f'(x) = (f_x—i;‘) 0.5
2b | Since 2e™™ > 0 and (1 — xe™*)? > 0, then f'(x) and (1 — x) have the same sign. 0.5
X —00 1 +o0
f'(x) + 0 —
2¢ f(x) 3.2 1
3| (My=2x+2 0.5
4 J/ 1.25
5a | f(x) — 2 # 0, then f(x) # 2, thenx # 0 0.75
N 2(0-2)F1(X) -
5h h'(x) = ST < 0 forall x € |—o0; 0. 05

So h is decreasing over |—oo; 0[.




Question VI 6 pts
1|00 = e 05
x =0 is a vertical asymptote
2a lim f(x) = lim [x+lni]=+00+ln1=+00+0=+00 0.5
X—+00 X—>+00 x+1
2b XEToo[f(X) B X] - xl—1>IPoo lnX +1 =In1=0 0.25
So,y =xisan O.A. at 400
2¢ f(x) —x=Inx—In(x+1) <Obecause x <x+ 1 05
So, (C) is below (d). :
3 f’()—1+1 ! =1+ ! 0.25
a X X x+1 x(x+ 1) '
Since x >0 and x+1 >0, then f'(x) > 0.
X 0 +oo
3 |[Lf® + 0.5
f(x) / +0o0
—oo
If x € ]10: +oo, fis defined, continuous and strictly increasing from —oo to + o, so the
4a equation f(x) = 0 admits a unique root a . 1
(0.8) <0 and 1(0.9) > 0, then 0.8 <0 < 0.9
b Given the equation f(x) = 2 admits a unique root 3 . 05
f(a) = 0, f(B) = 2 and 0 < 2 and f is strictly increasing over ]0; +oo[, so a < B. '
5 : , 1
f(x)
f(x)-2 >0
X 0 o 400
f(x) — + +
6 f(x) — 2 - - 0 + 0.5
f(x) . B N
f(x) — 2

So, D = ]0; a[ U ]B; +oof




Question VI 6 pts
3
Vaor = Vo = [ [e™X0x— 2" — e x - 207
2
= f; e X(x—2)"(x—3)dx < 0 (because 2 < x < 3,thenx—2 > 0and x — 3 < 0). 15
Therefore, (V,,) is decreasing.
1
J.(x2 +x+ 1)e dx = —(EXZ +x+1> e X+ C 1.5
_3Up—4 ., _ ..
Un+1 - Up-2 ! L= nl—1>r—{pm Un' 15
L= 3:“%24 ,then L2 — 5L + 4 = 0, then L = 1 (rejected) or L = 4 (accepted)
— (I _g — (L) _ —(le— 2
Area = f% f'(x)dx = f(z) f(1) = (Ze 1) u 15




