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I- (1.5 point)
Answer true or false and explain.
. _52
1) Let z be a complex number, if z = re'® withr > 0and 0 < 6 <=, and z’ = ———, then=+ 6
2 isinfcos6 2

is an argument of z'.
2z—41

— | = 2, then z is real.

3) The solution set of the inequality In(e™®* —2e ™ +1) <0 is[—In2; +oo .

4) If g is the function defined as g(x) = Inx and fis another function so that Dy =] — oo, 1[. Then the
domain of definition of the function fog is 0, e|[.

5 IfI, = fol x"e*dx,thenl,,, =e—(n+ 1) I,.

2) If acomplex number z # —i is so that

11- (2.5 point)

In the space referred to a direct orthonormal system (0; 77 , ?) consider the points E(1,-1, 2),

X=2m+1
F(0,-6,0), L (3,-1,1) and the line (d) with equations <y =—1  where m is a real parameter.
Z=-Mm+2

Let (P) be the plane determined by O and (d) and let (A) be the line through F and parallel to (d).
1) a- Verify that E and L are on (d).
b-Show that x + 5y + 2z = 0 is an equation of (P).

2) Write the parametric equations for the line (A) .
3) Denote by (Q) the plane determined by (d) and (A) .

a-Calculate FE A FL , then deduce a normal vector to (Q).
b-Verify that (P) and (Q) are perpendicular.
c- Prove that F is the orthogonal projection of E on (A) .
4) Consider in the plane (Q) the parabola (C) with focus F and directrix (d).

Determine the coordinates of A and B, the meeting points of (C) and (A).

5) Show that the volume of tetrahedron AOEL is equal to the volume of tetrahedron FOEL, then calculate this
volume.
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I11- (2 point)
Consider two urns:
Urn U contains 10 cards: 3 marked with letter A; 5 marked with letter B; and 2 marked with letter C.
Urn V contains 6 balls: 2 of them are red and 4 are green.
Part A
A player plays a game according to the following rules:
The player starts the game by drawing one card from U.

e |f the card is marked A, then he draws two balls from V one after another with replacement

e |f the card is marked B, then he draws two balls from V one after another without replacement

e |f the card is marked C, then one red ball is added to urn V, and the player draws two balls
simultaneously from V.

The player wins the game if the two balls drawn from V are red.
Consider the events:

A: The card drawn from U is marked A.

B: The card drawn from U is marked B.

C: The card drawn from U is marked C.

G: The player wins the game.

1

1) Calculate P(G/A). Deduce that P(G N 4) = .
2) Provethat P(GNC) = %
3) Provethat P(G) = 22—1
4) Assume that the player lost the game, find the probability that a card marked A or B was selected from U.

Part B.

In this part, consider only urn V, and assume that n red balls ( n > 1) are added to it, then two balls are
drawn simultaneously from urn V.

Consider the event D: The two balls have distinct colors.

1) Show that P(D) = —-o2

2) Can you find n so that the probability of selecting two balls of the same color is equal to that of selecting
two balls with different colors? Justify.
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V- (4 point) C

In the next figure,
e Triangle ABC is right at A
e AB=2,AC=4
e [AE] is an altitude in the triangle ABC
e Let S be the similitude that maps A onto B and E onto C
Part A.
1) Determine an angle of S and show that its scale factor is ; E
2) LetF =S(B)andL =S(C).
a-Construct F.
b-Show that L is the meeting point of (CF) and (AB). A B
3) a-Construct (d) = S(AF), then determine S(d).
b-Deduce that the center I of S is the meeting point of (d) and (AF).
4) Let h be the dilation that maps F onto A and B onto C.
a-Determine the center J of h, then verify that the scale factor of h is — g.
b-Construct G = h(L).
5) a-Determine the nature of Soh.
b-Show that C is the center of Soh.
c-Deduce that E is the center of hoS.
Part B
The complex plane is referred to the system (4; u, v) with u = %E and v = iﬁ.
1) a-Write the complex form of hoS.
b-Deduce zj.
2) Determine hoS(C), then find z;.
3) Determine the nature of the quadrilateral LAGC.

V- (4 point)
In the complex plane (0; i, ¥), consider the points M, M’, Iand B so that
Zy =2, Zy, =2, zz=1 and zz = —1.

The two complex numbers z and z’ are so that z' = z? — 2z.

1) a) Verifythat: (z' + 1) = (z — 1)2.
b) If M moves on a circle (C) with center | and radius IB, prove that M’ moves on a circle (C ") with
center and radius to be determined.
2) Letz = x + iyand z’= x’+ iy, where x,y, x’and y’are real numbers.
a-Showthatx’ = x?2 —y%2—2x and y = 2y (x —1).
b-Write a relation between x and y so that z’ is pure imaginary.

3) a-if Z’ is pure imaginary, prove that M moves on a rectangular hyperbola (H) with center I.
b-Determine the vertices and the asymptotes of (H).
c-Draw (H).

4) Consider the two points L and G so that: z;, = iv3 andz; =1+ \/Z—E i

2
a- Show that z, and z satisfy the relation z, + 1 = (z; — 1)2.
b- Deduce that G is on (H).
c- Prove that the tangent at G to (H) is parallel to (BL).
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5) Let (E) be the ellipse with vertices O, A(2,0) and K(1,3).
a-Write an equation of (E).

b-Prove that (E) is tangent to (BL) at J so that x; = %

6) The lines (BL) and (IK) intersect at P.
Calculate the area of the region inside the triangle (BIP) and outside (E).

VI- (6 point)
Part A.
Let g be the function defined over ]0,+[ as g(x) = x + Inx — 1.

1) a- Determine lim g(x)and lim g(x).
x—0% x—+00

b- Calculate g'(x) and set up the table of variations of g.
2) Calculate g(1), then discuss according to x the sign ofg(x).

Part B.

Let f be the function defined over ]0,+oo[ as f(x) = G - 1) Inx.
Denote by (C) its representative curve in an orthonormal system (0; 1, ).
1) a- Determine)}irg+ f(x) and xl_l}r_{loo f(x). Deduce an asymptote to (C).

b- Determine lim £%2, Interpret graphically the result obtained.

xX—>+o0o X

2) a-Show that f'(x) = _i(zx), then set up the table of variations of .
b-Draw (C).

3) a- For x €]0, 1], prove that f has an inverse function h.

b-Determine the domain of h, then draw the graph (C”) of h in the same system as that of (C).
4) Let A be the area of the region bounded by (C’), y’y and the line (d) with equation y = a where
0 < a < 1. Determine o so that A = (a — alna) units of area.

5) Let p be the function defined as p(x) = In(a — h(x)) with a = e™V2.
a-Prove that the domain of definition p is ] — o0; vV2(1 — eﬁ)[.
b-Determine the limits of p at the boundaries of its domain.

Part C.

Let (U,) be the sequence defined as U,, = e/™ withn € Nand n > 1.

1) a-Show that (U,,) is strictly decreasing
b- Show that (U,,) has a lower bound.

c- Deduce that (U,,) is convergent, then find its limit.
1-n

2) ShowthatU, =nn.
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Ql Answers pts

1- |Arg(z)=m—260 — g = g —26 [27] (F). 0.5

2- | |z=2i| = |Z—i|thenx? + (y — 2)? = x% + (v + 1)? therefore y :% (F). 0.5

e>-2¢> +1 > 0then (e~ — 1)% > 0 therefore x # 0 and

3- |e¥—2e*+1<1thene™¥(e™*—2)<0 thusx > —In2. 1

D = [-In2; 0[U]O; 4+ [. (F).
€ D, th > Inx<1;x<e.
. X g, thenx>0and Inx<1;x<e 05
Dsog =]0,e[ (T).

5- | Ihs1 =e—(n+ 1)L, (Integration by parts) (T). 0.5
QIll Answers pts
1-a) | Form=0,E(1,-1,2)ison (d)and form=1,L(3,-1,1) ison (d) . 0.5

_— — o
b) | OM.(OE AV;) =0;x+5y+22=0 0.5
2- | (A):x=2k,y=-6,z=-kwherekis real. 0.5
3-a- | (Q)=(LEF)and g = FEAFL=-57+5 —10k 0.5
b- | np.ny = 0 then (P) is perpendicular to (Q). 0.25
] — o
c- | Fison(A)and FE.V, =0 0.75
A and B are on (C), then AF = BF = FE =+/30
Therefore 5k? = 30;k? = 6 and k = +V/6 .
4) | A(2V6,—6,—V6) and B(—2v6,—6,/6)
(4) is parallel to (P) then for any point M on (A) the volume of MOEL is the same.
0 -6 0 1
%) Then the volume (AOEL) = volume (FOEL) =% 1 -1 2 |=5unitsof volume
3 -1 1
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QlIll Answers pts
Part A .
1- _2,2_1 0.5
P(G/A)==x===.
3 1 1
P(GNA)=P(A) xP(G/A) =—Xo=_
2- 2 _c2 1 0.5
P(GNC)=P(C)xP(G/O) =0 XG5
1
3- _ 521 _t
P(GNB)=P(B)XP(G/B) = X=Xz=1
1 1 1 1 1 7+3 10 2
PO =t st " s " s s o
4- = P[(AUB)NG] _ P(ANG)+P(BNG) Sxdiixt L 4 !
— — _ 1079 10715 _ 15 _ ’'”
P((AVUB)/G) = PG) P(G) - % B % T 95
PartB .
_ . _ 4(n+2) _ 8(n+2) 05
1- P(D) = P(two different colors ) = .. " mieiine30
5. | P(D) =1— P(D) then % = 1 no solutions. 0.5
Qlv Answers pts
Part A.
b @B, BO =T+ 2km k=B =ESE _ nBttanC=2+1=2 0.75
2 AE AE 2 2
2-a) | F =The intersection of the perpendicular at C to (BC) and the perpendicular at B to (AB). 0.5
b) Since (CL) is L to (EC) and (BL) is L to (AC) then L = (AB) n (CF). 0.5
3-a) | (d) = line through B and perpendicular to (AF) ; S(d) = (AF). 0.5
b) S((d) n (AF)) = S(d) n S(AF) = (AF) n (d) = I (center) 0.5
42) | Jis on (BC)& (AF)therefore J = (BC) N (AF); AC = k FBbut FB =2AB =5k = -%; | 1
b) G = (L J) n parallel through C to (AB). 0.5
58) |Soh=8'(?,2x2=2,-m+2=—2) 0.5
b) Cison (FL) and h(FL) = (AG) then h(C ) = E, but S(E ) = C therefore Soh(C) =C 0.75
C center of Soh.
h S S h 0.5
c) | € — E—Cthen E— C — E hence, E center of hoS. '
Part B .
1-8) |hoS(E,2,-2) ;z’'=-2iz+b. 0.5
hoS(A) = C then 4i =0 + b and z’ = -2iz+4i.
b) | ze(1 + 20) = 4i then z; = 2 + =i 0.5
) hoS(C) = h(S(C) =h(L) =G. 0.5
z; = —2ize + 4i = —2i(40) + 4i = 8 + 2i
3. (AG) = h(FL) then (AG) is parallel to (CL) and 0.5

since (CG) is parallel to (AB) thus LAGC is a parallelogram.
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QV Answers Pts
l-a) |z =2z2=-2z=(z—1)*—1thenz+1=(z— 1) 0.5
b) IM =2, then BM’ = 4 and M moves on the circle with center B and radius 4. 05
2-a) |z=x+iyandz’ =x+iy’ thenx’ = x? —y? — 2x and y' = 2y(x — 1). 0.5
b) z’ pure imaginary, then x? —y? —2x =0and y(x — 1) # 0. (y # 0, x # 1. 05
3-a) | (x —1)?—y? =1, equation of rectangular hyperbola with center 1(1,0). 0.75
b) Vertices O(0,0) and A(2,0). 1
Asymptotes: y=x-landy=-x+1.
4-a) +1=1+iV3. 05
( —12= S+ =14 i3=7+1. '
b) Since z; pure |mag|nary, then G is on (H). 05
Ve
C) | 2x— 2y’ -2=0theny’ = Tl = Z = /3 = slope(BL) 0.5
5-a) (x—ll)2 y?z —1 0.75
by |(BL):y= V3(x + 1). Replace in (E):
(x— 12+ (x+1)? = 1then 4x? —4x +1 = 0. 1
(2x — 1)? = Othen (BL) tangent to (E) at](l i)
6- P(1, 2V3).
Area = Area of the triangle of BIP - 1 area of (E). 1
2x§\/‘__( X1x3)= 2\/_——unlts of area
QVI Answers pts
Part A.
1)a- lm(’)tg(x) = —oo and liT g(x) = +oo 05
X— —+400
b- g(x)=1+;>0.
X 0 +00
9'(x) + 1
2) —
g(1) =0then g(x) >0 for x> 1. 0.5
PartB .
f0) = E)nx
Da- |1 = —oo and l =
Ja- [ limfGe) = ~eoand lim f(x) = 075
Then y'y isan asymptote to (C)
b- | lim A @ = 0 then (C) admits a parabolic branch parallel to (x x). 0.75
X—>+00 .
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- / _g(x)
22| a0y =2
X 0 1 +00
() + 0o - 1.25
0
) / \
—00 —00
R
‘—uﬂ"
b- . 1
3)a- | x €]0,1], fis continuous and strictly increasing then it has an inverse function h. 0.5
b- | Pn = Ry =] — 0, 0] see the figure 0.75
4) A= Area bounded by (C), x'x,x =a,x =1
a
A= flaf(x) dx = Elnzx — xlnx + x]l = %lnza —alna+a—-1
1
If A =a — alna, then %lnza —1=0;Ina=2
Ina =2 (re)); Ina = —vV2and a = e V2,
5) a- fla) = (e‘/E — 1)(—\/5)
a—h(x)>0,thenh(x) <a 1
then x € ]—00, \/E(l — e‘/i)[
b- | Ifx > —o0, h(x) - 0and P(x) - —/2
If x - ﬁ(1 — &), P(x) > — 05
Part C.
1)a- | Forn = 1,n < n+ 1 butfis strictly decreasing so f(n) > f(n+ 1)
since the exponential is strictly increasing function then e/ ™ > e/(+1) 'then (U,,) is
strictly decreasing. 1
Or: forx > 1 let S(x) = e/™® but S’ (x) = f'(x)ef™ < 0 then S is strictly decreasing
function and hence (U,,) is strictly decreasing.
b- | Un=¢e/™  thenU, >0 05
(Uny is strictly decreasing, having a lower bound then (U,,) is convergent.
c- | Ifn—- 4o, f(n) » —0 0.5
limU,=0
ke Inn 1
1-n 1i-n 1-n
2) Un = e(T) = elnn L ‘nT 05
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