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I- 2pts)
Consider the two sequences ( U,) neIN and ( V,), defined as :

Up-2 , Up=4U, andV,=In(U,) for alln € N.

1) a- Use mathematical induction to show that U ,>1 foralln eN.

b- deduce that forallnin N , V  is defined and V,> 0.

2) a- Prove that (V,) is a geometric sequence whose common ratio and first term should be determined

b- Express V,, in terms of n , then deduce an expression of U, in terms of n .
c- Prove that the sequence (U , ) is decreasing . Deduce that (U , ) is convergent , then find its limit .

3) Let S=Vpt+Vi+....+Vn. and P=UyxU; x ... xUn.

Calculate S in terms of n , then deduce P in terms of n .

I1- (3pts).

In the image and sound section in a grand store ,sets of a certain brand of TV and DVD are on sale .

. The probability that a client buys the TV is %

. The probability that a client buys the DVD given that he bought the TV is %

23

. The probability that a client buys the DVD is 50

Denote by T the event : the client buys the TV and by L the event :the client buys the DVD .
1) Determine the probabilities of the following events.

2)
3)

4)

(The results should be expressed as fractions )
a) The client buys both items.

b) The client buys the DVD only .

¢) The client buys at least one of the items.
d) The client does not buy any items.

Knowing the client does not buy the DVD , show that the probability to buy the TV is % .

Before the sale period , the TV costs 500 000 LL and the DVD costs 200 000 LL.

During the sale week , the store discounted 15 % on the cost if a client buys only one item and
25 % if a client buys both items .

Denote by S the effective sum paid by a certain client .

a) Determine the four possible value for S .

b) Determine the probability distribution for S .

¢) Calculate the expected value for S .

Knowing that the client didn’t buy a DVD , calculate the probability that the he didn’t pay
425000LL . Explain .



I1I- (2 pts)

O, A, F and F’ are fixed . OF’= 1, OF = 5 and OA = 6. Let (C) be a variable circle tangent to (OA),
(FD) and (F’S). (See the figure below)

Part A.
1) a- Calculate FD and F’S.
b- Prove that MF + MF’ = 6.
¢- Deduce that M moves on a ellipse (E) with foci and major axis to be determined .

1) a- Determine the center I of (E). Show that O and A are two vertices of (E).
b- Construct B and B’, the vertices of (E) on the non-focal axis .Calculate e.

c- H is a point on [FA) so that AH = % and (A) is the perpendicular at H to (OA).
Prove that (A) is a directrix to (E)

2) L is the point so that IFLB is a rectangle . Prove that I L H is a right angle .
Part B

. e o 1=
The plane is referred to the system (I; 7, j) with i = EIF .

1) a-Write an equation of (E).
b-Find an equation of (A'"), the 2" directrix to (E).

2) The perpendicular at F’ to (OA) meets (E) at G and G’. (A') intersects the x-axis at K.
a-Prove that (KG) and (KG’) are tangent to (E).

b-Prove that E = E .
GF' KF'

c-Calculate the area bounded be (E) , (KG) , (KG’) and (IB).




IV- (3 pts)
In the space referred to an orthonormal system ( O ,l , ; , %) , consider the points

A(1,-2,1) and B(2,-1,3). (P) is a plane containing (AB) and parallel to ;(0,1,1).

1) Prove that x + y—z+ 2 =0 is an equation of (P).

2) Consider the point E(2,2,0), and denote by (d) the line through E and perpendicular to (P) .
a- Write a system of parametric equations of (d) .
b- Find the coordinates of H orthogonal projection of E on (P) .

In what follows , suppose that H(0,0,2).

3) a-Provethat HA=HB.

b- Write a system of parametric equations of the bissector of AHB.
4) a- Calculate the angle that (AE) makes with (P) .

b- Write an equation of the plane (Q) containing (AE) and perpendicular to (P).
5) Consider in the plane (P) the circle ( C ) with center H and radius HA .

a-Prove that F( V3 , - NE) , 2 ) is a point on ( C ).Then show that (HF) perpendicular to (AB) .
b- Write a system of parametric equations of the tangent at Fto (C) .

6) N is a variable point on (d) . Find the coordinates of N so that the volume of the tetrahedron
NABEF is twice that EABF.

V- (3 points)
In the next figure , ABEC is a right trapezoid so that AB=1, AC=2,and CE=4.
S is the similitude that maps A onto C and C onto E . (BC) intersects (AE) at L.

A

—_— — —

1) Calculate the scalar product (ﬂ‘f’AC).(AC + CFE), deduce that (AE) is perpendicular to
(BC)

2) Show that 2 is the scale factor of S and -% is an angle of'it .

3) a- Determine S(AE) and S(BC).
b- Deduce that I is the center of S .
¢- Determine S(B).

4) G is the midpoint of [AB] and H is that of [EC] .

3



a- Prove that H = SoS(G) .
b- Express [H in terms of IG .

5) F is the orthogonal projection of B on (EC) . h is the dilation with center F and scale factor — %

a-Determine an angle of hoS and so its scale factor .
b-Prove that C is the center of hoS.

6) a- The plane is referred to the direct orthonormal system (A; ;, \:) with u = AB and v = %%

b- Find the complex form for S . Deduce z, .

7) M is a variable point that moves o the curve (C)with equation : y = and M’= S(M).

M’ moves on the curve (C’) = S((C)).

a- Prove that the midpoint H of [CE] is on (C’).
b- Write an equation of the tangent (T) to (C’) at H .

c- Show that y =2[1- ln(ﬂ)] is an equation of (C”).
X

VI- (7pts)
Part A.

fis a function defined over ]0;+ o[, as £ (x) = x> —2+1Inx;(C) is the graph of f in an orthonormal

system (O; ;', }) .

1) Find lim f(x) as x—0 and as x —+oand lim% as X —>+o.

2) a- Set up the table of variations of f.
b- Prove that the equation f'(x) = 0 has a unique solution « so that 1.31<¢a <1.32.
¢- Determine , according to x ,the sign of f'(x).

3) Discuss, according to x , the concavity of (C).

4) a- Calculate f{(1), f{(2), then plot (C).
b- Solve graphically f{x) > - x .

Part B.
g is the function defined over ]0,+ o[ as g(x) = x° +(2—Inx)>; (C’) is the graph of g in a new
system of axes .

1) Find lim g (x) as x =0 and as x —>+ooand lim 8 asx ~7+o0.

X

2) Show that g’(x) = 2/ (%) , then set up the table of variations of g .
X

Verify that g (o) =a’(1+a”).
3) Calculate g(1) , g(e) then plot (C’).




4) a- Verify that x(Inx-1) is an antiderivative of Inx .
b- Let z = x(2-Inx) >, calculate z’ , then find I g(x)dx .

5) a-For x < «, prove that g has an inverse function h .

Find D,, R, then plot (C,) the graph of h in the same system as (C”).

b- Calculate the area of the region bounded by (C), ) ,in terms of & ,

the two linesy= a¢and x =5 .

c- Find the point of ( C, )where the tangent is parallel to the line with equation y = —%x.
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Question / Solution
Mark
Question I
U, =2 >1,suppose that U, >1.
l.a |
JUg > 1, hence Uy, > 1.
1.b 1 |Since U,>1,thenln(U,)>0and V,is defined .
—. 1 1
Vn+1 = ln(Un-H) = ln( Un ) = Eln(Un) = EVn
2.a 1| (V,) is a geometric sequence so that ¥, =In2and r = %
n 1 n
V. =V, xr" =In2x(=)
2b | 1 2
- In2x(Ly"
In(U,)=V,;U,=e"=e 2
Un+1 _ elnzx(%)'”blnzx(%)“ _ e(%)”(%ln27ln2) _ e(%)" 1n2(%71) _ ef(%)“+1 ln2< 1
Ui’l
2.¢ o | U, 1s decreasing and having 1 as lower bound : (U, ) convergent .
Ifn — 400 , then (%)” —>0and U, —>1
2Lyt 1]
V n+l _1 — - 1
S=V,+V+V,+...+V, = o(r ): 2 = 2mn2[(=)"" —1]
r—1 1_1 2
2 2
3. S=mU,+mU, +InU, +...+InU,
=In(U, xU, x..xU,)=Inp ThenP=¢°
Question 11
3 7 21
P(TNL)=P(T)xP(L/)="x"—="".
la |15 | PAOD=POxPlg)=tx="




P(L)=P(LmT)+P(Lm7_“)=%+P(me)

1.b | 1.5
Then P(me)=§—2=i
50 50 25
3 23 21 16
1. 1.5 | PTul)=P(T)+P(L)-P(TNL)==4——-—=—.
¢ (IOl =PO)+PL-PTNL) =5+ 555 =7
1d | 1 | PTAL) =1—P(TuL):2%.
_ Z/ 3 3
P(THxP|= = x| —
P(%)_P(T“L)_ o ( Tj_(sj (loj_g
2 1 L P(L) p(Z) (21) 21
50
3.a 1 425000 for TV only, 170000 dor DVD only , 525000 for both , 0 for nothing.
D; 0 170000 425000 | 5250000
| 18 2 o 21
50 50 50 50
3.b 2
P(425)=P(T NL) —éxi'P(ﬂO) =P(LNT) 2,1
510 5 10
3¢ | 1 |ED)=>DP= 15190 3040001z .
L=(LNT)or(LNT) ; Since he didn’t pay 425000 , then he didn’t buy any
item.
P VAT M £ Y
L L 27 3
P(L) Ao
Question I11
Part A
La |075|FD=0A=land ’S=F’A=35.
b 075 b-MF + MF’ = MD + DF + MF’= 1+ MS +MF’
’ ' = 1+F’S = 1+5 =6 = OA.
1 0.75 c-MF + MF’ =6 ; M moves on the ellipse with foci F and F’ and 2a =6
€ | %72 | The focal axis is (FF)
a- The center I is the midpoint of [FF’].
2.a | 0.75 I0 =IA =3 =a; Since O and A are on the focal axis , then they are two
vertices of (E).
b-B and B’ are on the perpendicular bisector of [FF’] so that
b |1 IB=1B=9-4=1+/5,
' e C_IF_2
a 14 3
3 3.9 a4 . . .
2.¢c 1 AH= 5 ,then IH = 3+E = 5 =— . (A)is adirectrix to (E).
c




IL>’=9;IH*= %andLH2:5+27f5:£

e
3
IH*= IL *+LH?then the triangle ILH is right at L .
Part B
2 2
ta |05 | Z+2 =1
5
. 9
1.b | 05 (A):XZ-E
5 5 9
G(-2, =)and G’(2,=) ; K(-=,0).
( 3 ) ( 3 )5 K( 5 )
2. 0.5 '
2 Derive wrt X : %+2?yy=0 ;y’G=§=slope(KG).
(KG) is tangent to (E) and by symmetry , (KG”) is also tangent to (E).
GF _KF
2b | 0.5 | g kg (verification ).
(KG) intersects (IB) at J(0,3).
1
Half (area) = area (triangle K1J) - 4 area (E).
2e | 1 LI INPR P Wk LA
2 2 4 4 :
27375
Total area = 5 u
Question IV
1 1 AM.(E/\v)ZO;Xer—ZJrZ:O(P)
2.a 1 |a)d):x=k+2;y=k+2;z=-k
2b | 1 | pE=DNP) . 1= 2 and H(0,0,2)
3. 0.5 HA =HB = \/E
3 -3 )
3b | 1 | Thebisector is (HG) with 2G (5> > midpoint of [AB].
X=m,y=-m,z=2.
AH .
4.a 1 | Theangleis HAE,;cos HAE= or sin or tan...
M(X,y,X) S (Q) _Then AM(AE N\ l’lP) =0
4b | L5 | Therefore x +z—2=0
F(\3,—3,2) e (P)and HF = HA=/6
Sa |2 HF.AB =0
b)the tangent at F is the line through F and parallel to (AB).x=t,y=t,z=2
5b |15




the base is ABF , then d(N,P)= d(E,P)

k+2+k+2+k+2
6 1.5 | | thenEH =2+/3
NE] .
3x+6 =6 hence k=0 or k = -4
Question V
1| 1 | )(BA+AC)(AC+CE) =0 g0y (BC) is perpendicular to (AE).
CE 4 — == -7
2 1 2)](:%:5:2 and OlZ(AC,CE):T-G—zkﬂ'
3a 1 3) a- S(AE) = line through C and perpendicular to (AE) .Then S(AE)=(BC).
) Similary S(BC) = (AE)..
b- S(I) = S(AE) NS(BC)= (BC)N(AE)=I.
3.b 1| 1is the center of S .
— T
3. I' | - Since CA=2AB and (4B8:CA) = B3 andS(A) =C then S(B) =A.
4.a | 0.5 | 4) a-S(G)=G’ midpoint of [CA] and S(G’)=H midpoint of [AC].
4b | 0.5 | b-SoS= dilation (I;-4)then 11 =—41G
-1 -7 2
- =502 L
S.a 05 S)a_h(F, 3 )OS(IaZa ) ) S (a3 5 2) .
—_ —1—
b-C =3 FE then C=h(E) but S(C)=E then hoS(C)=C and C is the center
5b | 0.5
of hoS
z’ =-2iztb ,z = -2izpatb . b =21
6 1 4 20
2’ =-2iz+2i , z(1+2i)=2i then 71 =575
7.a 1 |G (0,1)ison (C)and H=S(G’) is on (C’).
. —2e”* .
J')= (1 ot )2 and /' (0= 5 " slope of the tangent
7b | 1.5 | therefore the slope of the tangent at H to (C') is 2
equation of (T) is : ¥ =2¥~2
x'+iy'= —2i(x+iy)+2i x'=2y and y'=2-2x replace in(C) :
' 2y
X 22_, e[zjzi—l
Te | 1.5 ] 2 = x'
I+e 2




Question VI

Part A

Ef,% J(x)=—o (y’y) is an asymptote to (C).

1 lim f(x)=+00,5q MM f(x)=+% () has a parabolic branch parallel to
’y).
1
f{(x)=2x+,>0
X 0 +*
2.a
£5(x) +
) |
f is continuous and strictly increasing from ~ % to +
then f(x) = 0 has only one root a.
2h f(1.31) <0, f(a) =0 and f(1.32) >0
) f(1.31) < f(a) < f(1.32), but f is increasing
therefore 1.31<a < 1.32
2.¢ f(x) <0 for x < a and f(x) > 0 for x > a.
1
7 x)=2-,2
V2
X 0 2 +
3
f“(x) - 0 +
concavity down up
V2 3 1

(5 "3~ 7™2) inflection point .

10




Graph .

Q)

4.a
Ab 4.b-f(x) > -x , consider the part of (C) above (y= -x)
) x>1
Part B
lim g(x) = 4% (y°y) is an asymptote to (C*) ;
lim g(x) = +o0
1 X—>+00
lim g _ +00 .
o x (C’) has a parabolic branch parallel to (y’y).
-1 2/
gX)=2x+2(2-Inx)( )=
X 0 o +®
g'(x) - 0 +
g(X) \
s g(a) /

fla)=0; o’ =2- In o.
g(a) = o + (2-Ino)*= o?(1+0?).

11




g(l)=5 g(e)zezﬂ.

10

g,
©)

£l

3 ;
A ch

4.a [x(Inx-1)]’= Inx

z=x (2-Inx)".
2’=(2-Inx)*-2+Inx.

4.b x3 x3 x3
Ig(x)dx:?+_[(z'+2—1nx)dx:?+z+2x+x(lnx—1) :?+z+x+x1nx
for x < a, g is continuous and strictly decreasing , then it has an inverse
function h ;

5.a Di = [e*(1+0?) , + %[

Ry=10,a] ; (Cy) is the symmetric of (C”) wrt (y=x)(see the graph (Ch).
Area = area bounded by (C’), x=aandy =5
1
-1
5 h>(x)= 5 ;g (x)=-2orf(x) =-x, thenx = 1.
.C

(1,5)is on (C’) ; (5,1) is on Cy,.
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